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The symmetries of the general Euler equations of fluid dynamics
with polytropic exponent are determined using the Kaluza-Klein type
framework of Duval et al . In the standard polytropic case the recent
results of O’Raifeartaigh and Sreedhar are conrmed and generalized.
Similar results are proved for polytropic exponent γ = −1, which corre-
sponds to the dimensional reduction of d-branes. The relation between
the duality transformation used in describing supernova explosion and
Cosmology is explained.
1 Introduction
The amazing similarity of supernova explosion and plasma implosion [1] has
been explained not less amazingly by Drury and Mendonca [2], who pointed
out that the two situations, despite their very dierent time and length
scales, can be related by a \duality" transformation of time and position,
 : t ! −1=t; x ! x=t:. This is reminiscent to what happens in the MIT
{ SLAC experiment on inelastic electrons scattering o nucleons, whose
outcome can be traced back to a somewhat unconventional form of scale
invariance, D : t! 2  t;x!   x [3].
These strange-looking transformations are indeed closely related:  be-
longs to the SL(2;R)  O(2; 1) group generated by the expansions, K : t!
t=1+t; x! x(1+t)−1, dilatation, D and time-translation, H : t! t+.
(In fact,  = H−1K1H−1). This \non-relativistic conformal group" O(2; 1)
has been recognized as a symmetry of a free non-relativistic particle [3, 4].
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Motivated by the results of Drury and Mendonca, O’Raifeartaigh and
Sreedhar [6] performed a systematic study of the symmetries of the Euler
equations of fluid dynamics,
D = −~r  u; (1.1)
Du = −(γ − 1)~r(γ) + V; (1.2)
D = 0; (1.3)
where D is the convective derivative, D = @t +u  ~r, and the elds  and u





rjui +riuj − 23ijrkuk
))
+ri (rkuk) ; (1.4)
where  and  represent the bulk and shear viscosity elds, respectively. γ
is the polytropic exponent and  is the coupling constant of a potential,
U() =  γ . The eld  is related to the energy density  by  = γ .
For symplicity, O’Raifeartaigh and Sreedhar consider the sub-class of
(1:1)-(1:3) characterised by (i) the absence of viscosity terms, V = 0; (ii)
the dynamical eld  is choosen to be  = 1; (iii) the motion is assumed
irrotational, rotu = 0. Then they show that when the polytropic exponent
takes the standard value γ = 1 + 2=d where d is the spatial dimension, the
equations (1:1)-(1:3) are invariant w.r.t. Schro¨dinger transformations, com-
posed of Galilei transformations, augmented by dilatations and expansions
[3, 4]. When the conditions (i); (ii) and (iii) are relaxed, the expansions are
broken by the viscosity term; dilatations remain, however, symmetries.
Similar questions were investigated by Bordemann and Hoppe, and Je-
vicki [7], and by Jackiw, Polychronakos, and Bazeia [8, 9], who found that
the dimensional reduction of d-brane theory yields a viscosity{free, isen-
tropic and irrotational hydrodynamical model called the Chaplygin gas,
eqns. (1:1)-(1:3) with V = 0 and  = 1 and with eective potential U / 1=.
Remarkably, their system admits a hidden Poincare symmetry [7, 8, 9], com-
posed of the Galilei transformations, augmented by (d + 1) generators we
called time-dilatation and antiboost [10].
In this Letter, we combine and generalize these results. First, we con-
rm and further generalize the results of O’Raifeartaigh et al. by dropping
condition (iii). Then we extend the d-brane results in [7, 8, 9] showing that,
for U / 1=, the symmetries of the general equations (1:1)-(1:3) with con-
ditions (i) and (ii) alone and no viscosity still admit a Poincare symmetry.
Viscosity breaks part of this large symmetry. There remains, however, a one-
parameter residual symmetry, namely time-dilatation  : t! et; x ! x,
analogous to dilatations, D, in the standard case.
The relation of the duality transformation  and newtonian cosmology
is also explained. Although our results could also be obtained in a classical
approach [3, 4, 6, 9], we found it more convenient to use Duval’s Kaluza
Klein{type framework [5], where the symmetries arise naturally.
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2 Symmetries of the Euler equations
The simplest way to conrm the result of O’Raifeartaigh and Sreedhar [6],
is to consider [10], Sect. 2, p. 224 (see also [11]), the stress{energy tensor
T. In the absence of viscosity, V = 0, and for  = 1, they are given, e.
g., in Eq. (2.2) in the rst reference of [8], as
T 00 = 
u2
2
+ U(); T ij = uiuj − ij(U − @U); (2.1)






which replaces, in the non-relativistic context, the familiar condition for
relativistic conformal invariance, viz. T  = 0. With the above expression for
T 00 and T ij, we get a dierential equation for U , namely @U = (2=d+1)U
or U = 1+2=d; which is the result in [6].
More generally, let us consider rst the sub-class of (1:1)-(1:3) with con-
ditions (i) and (ii) alone. Using the standard Clebsch parametrization [13],
u = ~r −  ~r provides us with a local lagrangian theory [6], whose equa-
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The velocity eld u here is expressed in terms of  and  by u = ~r −
(~r=j~rj2)
(
@t + ~r  ~r
)
: Note that the equations (2.3) are more general
as those in [6], since they also involve the eld .
Below we analyse the symmetries of (2.3) in the Kaluza-Klein type frame-
work of [5]. Non-relativistic space-time, Q, has coordinates (x; t), and can
also be obtained from one higher dimensional manifold M with coordinates
(x; t; s), when the coordinate s is factored out. M is endowed with the flat
Lorentz metric dx2 +2dtds;  = @s light-like vector eld. M is a relativistic
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To complete our Kaluza-Klein framework, we need to establish a corre-
spondance between the systems (2:3) and (2:4). Below we dene, for both
critical values of γ, a judicious (and dierent) relation between the elds
on M and those on Q, such that the relativistic system (Eγ) projects to
the non-relativistic one (Eγ). Then the symmetries of the latter arise by
projection.
 Let us rst consider the standard case, γ = 1 + 2=d. If the elds R,
 and  are of the particular form (which is in fact the usual equivariance
condition [5]),
R(x; t; s) = (x; t); (x; t; s) = (x; t) (x; t; s) = (x; t) + s; (2.5)
then the equations (E1+2=d) project to (E1+2=d).
Now we determine the symmetries. One shows readily that if the elds
R,  and  are solutions of equations (E1+2=d), then their images under a
conformal transformation of M , ’?g = Ω2g, implemented as ~R = Ωd ’?R,
~ = ’? and ~ = ’?, also satisfy the same equations. They are hence
symmetries for (2.4). To make the transformed elds equivariant in the
sense (2.5), however, we must restrict ourselves to transformations which
preserve the \vertical"vector eld . Their action on M ,













(where R 2 so(2), ; γ; ;  and  are interpreted as rotations, boosts, space
translation, time translation, expansion and dilatation) projects into non-
relativistic space-time, Q, according to the classical Schro¨dinger transfor-





(~t; ~x) = det(M) (~t; ~x);
~(t;x) = (~t; ~x) + (t;x);
~(t;x) = (~t; ~x);
(2.7)
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where the elements of the matrix M are given by Mij = (@~xi=@xj).
Since the -preserving symmetries of (2.4) project to symmetries, we
conclude that, in the viscosity{free case  =  = 0, the (not necessarily
irrotational) system has a full Schro¨dinger symmetry, as stated above.
Another way of reaching this result, closer in spirit to our rst proof, is






(@ @)2 − 2Rγ
)p
gdd+2x; (2.8)
where, for convenience, we moved to a general Lorentz metric g on M .
The associated energy-momentum tensor T = 2S=g , i. e.,
T = R@ @ + R2 (@ @
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(which generalizes the expression given in [10]) is seen to be symmetric and
conserved. Relativistic conformal invariance requires the vanishing of its
trace, ∑

T  = dRγ
(





which yields the correct polytropic exponent γ = 1 + 2=d once again. To
conclude, the Schro¨dinger group is the -preserving part of the (relativistic)
conformal group. It is worth mentionning that the ti; it and ij compo-
nents of the relativistic T  are related to the non-relativistic T by sur-
face terms, and that the non-relativistic trace condition (2.2) follows from
−T 00 = T ss = T tt.
Let us now return to the general equations (1:1)-(1:3) including viscosity.
We rst determine how u transforms. Let us dene on M an s-independent
vector,
k  (kt;u; ks) = @− @(@ @) (@ @
): (2.11)
Using the transformation rule on M of this vector, ~k = (@~x=@x) k , the
action on u, the space component of k , is obtained, namely
~u (t;x) = [R (detM)1=d]u (~t; ~x) + ~r: (2.12)
It is interesting to observe that the restriction (ii), viz.  = 1, can
actually be relaxed: the viscosity{free Euler equations are invariant w.r.t.
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transformations (2.6) and (2.7), whenever ~ = . The rst term in (1.2),
Du, transforms in fact into (detM)1+3=dDu, and if ~ = , then the term
~r(1+2=d) becomes (detM)1+3=d~r(1+2=d) so that eqn. (1.2) merely gets
multiplied by an overall factor. The other equations are plainly invariant.
Now, if ~ = (detM)  and ~ = (detM) , the viscosity term is seen to
transform as













Invariance of Eqn. (1:2) requires the second term here to vanish. Apart
the viscosity{free case  =  = 0 considered above, the obstruction term in
(2.13) can also vanish, though, when @i@j = 0, which is plainly satised
by all Schro¨dinger transformations with the exception of the expansions.
Therefore, the viscosity elds break in general the expansions, and leave
us with dilatational symmetry only. For time-independent elds one also
have time-translations. (This is consistent, owing to fH;Dg = H). When
the viscosity elds only depend on time, though, the residual symmetry
includes the expansions but break the time-translational invariance.
The use of the Clebsch decomposition can actually be avoided. The clue
is rewrite the (lifted) Euler equations with viscosity as
@(Rk) = 0; (2.14)
R (k@ k) = −(γ − 1)@(Rγ) + V; (2.15)
k @ = 0; (2.16)





@k + @k − 23@
k
))
+ @ (@ ) ; (2.17)
where ;  and  do not depend on s. These equations are readily seen
to project, under equivariance, to the correct Euler equations in ordinary
spatime, and using the same technique as above our results can be derived.
 Next, we consider the d-brane potential, γ = −1. The \non-relativistic
conformal symmetries" (i. e. dilatations and expansions) are plainly broken.
However, when the motion is irrotional and viscosity{free, this (d + 1) di-
mensional non-relativistic model admits the (d+ 1; 1)-dimensional Poincare
group as symmetry [7, 8, 9]. Generalising the procedure presented in [10],
now we show that the not necessarily irrotational but still viscosity{free
system (E−1) is Poincare symmetric. Our previous equivariance condition
(2.5) is seen to be be too restrictive [10]. Let therefore the elds R,  and
 be solutions of equations (E−1). Our new condition which replaces (2.5)
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is to relate the elds dened on M and Q, respectively, according to
(x; t) = R (x; t;−(x; t)) @s (x; t;−(x; t)) ;
 (x; t;−(x; t)) = 0;
(x; t; s) = (x; t):
(2.18)
In this new \equivariance", the point (t;x;−(t;x)) is dened as the
solution of the surface equation,  = 0 and we suppose that the eld R can
depend on the s variable. To force the relativistic system to project into Q,
we dene the eld  as the restriction of R@s in this special point. It is
easy to see that this equivariance is more general than the classical one (2.5).
As previously, equations (E−1) with the constraint (2.18), project into Q to
equations (E−1). (Let us insist that this projection is only possible for the
d-brane potential [10]). The advantage of the general equivariance is that,
now, we can consider transformations which do not necessarily preserve .
But the particular form of our potential restricts ourselves to consider only
isometric transformations. These latter are symmetries of equations (E−1)
coupled to the constraint (2.18). The action of the -preserving isometries
lead to the extended Galilei transformations. The non-preserving part is
composed by (d+ 1) generators whose action on M is given by [10] :
~x = x− ~!s
~t = e
(





where  and ~! are the parameters associated with time dilatation and anti-
boost, respectively. Let us insist that, while the time dilatation looks simple,
it is not a \classical" symmetry in that it does not act as symmetry for the
free Schro¨dinger equation. The expression of antiboost is even more strange :
it is only dened implicitly (in fact, we need x? and t? to construct x? and
t?), and this non-linear action depends on two dynamical elds  and .
Our transformations act on elds naturally, as ~R(x; t; s) = R(~x; ~t; ~s), etc.
The projection into Q yields [8, 9]
 x
? = x + ~! (x?; t?)
t? = e
(
t+ 12~!  (x + x?)
) and

~(x; t) = (x?; t?)J−1
~(x; t) = e(x?; t?)
~(x; t) = (x?; t?);
(2.20)











As in the standard case, the vector k (2.11) can be used to determine the
transformation on the velocity. But now because of this particular equiv-









(@t? + @m? @m?)
)]
:(2.22)
As in the standard case, the viscosity term breaks most of the sym-
metry. A rather tedious calculation shows in fact that, under a Poincare
transformation, the viscosity term (1.4) transforms as
V i = e
 Vi + F (~!; ; ); (2.23)
where F (~!; ; ) is a complicated expression which vanishes for ~!; ; or 
equal zero. For non-trivial viscosity, this means that the antiboosts are
broken. Eq. (1.2) is, however, merely multiplied by e under  : t! et :
time (rather then non-relativistic) dilatation, , is a residual symmetry.
3 Explosion/implosion duality and cosmology
Let us now explain the result of of Drury and Mendonca [2]. Their clue
is to map, using the \duality transformation"  : t = −1=t; x = x=t,
supernova explosion at x = 0 at time t = 0 into plasma implosion starting
at t = −1 and evolving to t = 0. Then they nd that, implementing 
on the elds as  = a3 and u = au − _ax , the equations of viscosity{
free polytropic hydrodynamical system, (1.1)-(1.3) with  = 1, are invariant
when a¨ = 0 i. e. a(t) / t and γ = 5=3.
Remarkably, their  appeared before for planetary motion, when the
gravitational constant changes inversely with time [15, 5], and also in Cos-
mology [16]. The relation is explained as follows. The expanding Fried-
mann universe with scale factor a(t) [17] in conveniently described [5] by
the (\Kaluza{Klein") 5-metric
dx2 + 2dtds −Bx2dt2; (3.1)
where B = −a2a¨. The Hubble constant is H = _a=a. Now this metric can






a−2dt; S = s+Hx2; (3.2)













jxj − xij ; (3.3)
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are taken into those in standard cosmology, but with a time-dependent grav-
itational constant G(t) = a(t)G0. Similarly, the (inverse of) (3.2) carries the
hydrodynamical equations into those valid in the expanding universe.
Now the choice of Drury and Mendonca means B = 0, so that the
expanding metric (3.1) is flat, and the transformation (3.2), which becomes
now  completed with s ! s + x2=t, is a conformal transformation of flat
space into itself. The invariance of the Euler equations under  follows. This
is of course consistent with  belonging to the SL(2;R) invariance group of
the free system discussed above. Unfortunately, this symmetry is broken by
the viscosity.
4 Schro¨dinger elds and the Madelung fluid
Let us conclude with a remark on the well-known Schro¨dinger invariance of
the non-linear Schro¨dinger equation i@t = −4 =2 + j j4=d+1 . Decom-
posing the Schro¨dinger eld into module and phase,  =
p
 ei, yields in
fact the hydrodynamical system referred to as the Madelung fluid [14],















Eqns (3:1) and (3:2) can be obtained from the irrotational and viscosity{
free Euler equations choosing the eld  non-trivially,










Now, as seen above, the general Euler equations with with the standard
polytropic exponent γ = 1+2=d, are Schro¨dinger invariant whenever ~ = .
Using (2.7), we can show that our  transforms precisely in this way. There-
fore, the Madelung equations (3:1)− (3:2) with U / 2=d+1 are Schro¨dinger
invariant.
In is worth noting that for the membrane potential γ = −1 one can still
chose such a . However, owing to the bracketed term, ˜ 6= , so that the
Poincare symmetry is broken. The non-relativistic conformal symmetries
are also broken, and we are left with a mere Galilei symmetry.
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